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ABSTRACT 
The available mathematical theories and principles needed for 
the full investigation of fracture in orthotropic plates are docu­
mented. The fracture phenomena in orthotropic composite plates are 
examined and compared with the fracture in isotropic plates. The 
extent to which the principles of linear fracture mechanics are appli­
cable to orthotropic plates is studied. It is shown that fracture 
toughness of unidirectional composites is independent of crack length 
but dependent on crack-fiber orientation. For experimental verifi­
cation of the above principles, unidirectional glass epoxy material 
(Scotchply 1002) was used. The fracture toughness of Scotchply 1002 
for different crack-fiber orientations is obtained by utilizing Solid 
Sap finite element program and compact tension specimens. An empirical 
formula relating the fracture toughness of the material for different 
crack-fiber orientations is found. The concept of strain energy 
density and its applications to unidirectional composite materials 
are discussed and strain energy density factor for unidirectional 
Scotchply is determined. Crack tip stress distributions along the 
direction of crack growth are compared and a new method for relating 
the fracture toughness of different crack-fiber orientations is intro­
duced. Finally, suggestions for further research are also presented. 
I 
INTRODUCTION 
The increasing use of orthotropic composite materials in aerospace 
technology requires a high degree of reliability and has created a 
great need for complete understanding of fracture phenomena in these 
materials. Unfortunately, since it is a relatively new subject, there 
has been little work done in this. area. For isotropic materials 
however, fracture studies have been developed over the past decades. 
Today, "The Principle of Linear Fracture Mechanics" is accepted uni­
versally as a reliable tool in the investigation of isotropic fracture. 
The fracture of orthotropic materials differs significantly from the 
fracture of isotropic materials. The mathematical principles involved 
are much more complicated and complex. These mathematical principles 
needed for a complete investigation of fracture of orthotropic plates 
are documented in the first section of this work. 
The logical starting point in the study of orthotropic fracture 
is to determine if the principles of linear fracture mechanics are 
applicable, either completely or at least partially, to the fracture 
of orthotropic materials. If these principles do not hold or only 
partially hold, an attempt should be made to determine if the principles 
can be modified to hold for the fracture of orthotropic materials. This 
has been done in section 2 of this study. It has been shoim that for 
the case of unidirectional composites with a crack along the fiber 
direction, the principles of linear fracture mechanics hold, and a 
material constant, fracture toughness» independent of crack length can 
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be found. However, for the case in which the crack is at an angle 
with respect to the fiber, the principles do not hold completely and 
some modification is needed. It has been shown that in this case the 
fracture toughness is still independent of crack length but depends 
on crack-fiber orientation. Therefore, for each crack-fiber orien­
tation, a constant material property, fracture toughness, can be 
found and then plotted against fiber orientation a. From this plot 
an empirical formula can be found to relate the fracture toughness of 
a material for different crack-fiber orientations. 
The above principles must be verified experimentally. The compli­
ance calibration technique, widely used for isotropic materials, is 
not suitable for orthotropic materials (see section 3). Therefore, a 
method based on a combination of a single standard specimen and its 
finite element model has been used. Compact tension specimens with 
different crack lengths and fiber orientations are made from unidi­
rectional fiber glass-epoxy (Scotchply 1002). These specimens were 
loaded, and loads corresponding to the start of crack growth were re­
corded. Finite element models of all these specimens are furnished by 
developing computer programs which are capable of transferring a mesh 
to a new mesh with different crack length. The Solid Sap finite element 
program capable of handling orthotropic materials was used, and crack 
tip stress distributions were determined. From the stress distribu­
tions, the fracture toughness of all specimens with different crack 
lengths and fiber orientations were obtained. Computer programs were 
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also developed to plot crack tip stress distributions, crack tip stress 
intensity factors and crack tip displacements. 
The concept of strain energy density is discussed in section 4. 
Considering the strain energy of a small element a short distance from 
the crack, the fracture criteria according to this concept are: 1) 
crack extension occurs when the strain energy density factor reaches a 
critical value; and 2) crack initiation takes place in a direction where 
the strain energy density factor has a maximum value. Since the di­
rection of crack initiation can be determined, this method is very 
promising for the study of orthotropic fracture. The results of finite 
element models and compact tension specimen tests used previously are 
used again to study the application of this method on fiber glass 
epoxy. 
Crack tip stress distributions are an important factor in fracture 
mechanics, and they are the major cause of crack growth. Therefore, 
crack tip stress distributions in unidirectional composites are care­
fully analyzed in section 5. By comparing these stress distributions 
for different crack lengths and fiber orientations, a new method of 
relating the fracture toughness for different crack-fiber orientations 
is introduced. 
4 
REVIEW OF THEORETICAL ANALYSIS 
The existence of flaws and small cracks in structural materials 
creates a need for the understanding of stress distributions at the 
tip of these cracks and flaws. For isotropic materials these stress 
distributions have been developed under the topic of "Principles of 
Linear Fracture Mechanics." Today these principles are widely used in 
the design of structural elt- înts. The successful application of com­
posite materials in different areas of science and technology, 
especially in aerospace technology, shows a great need for the study 
of fracture in these materials. 
The crack tip stress distributions in general anisotropic materials 
have been developed mostly by Russian mathematicians (Ref. 1). These 
principles are highly complicat es^ end complex. The application of 
these principles, and others, to tl"i special case of orthotropic 
materials is the subject of this section. An attempt has been made to 
start from the theory of elasticity and, as briefly as possible, to 
relate, discuss, classify and docuc^nt all aspects of the mathematical 
principles necessary for the str-c?;'; of fracture in orthotropic plates-
Such an attempt has not been made by any previous investigator. 
For an orthotropic elastic plate, under a state of plane stress, 
generalized Hooke's law can be reduced to (1, p. 20) . 
^Numbers in parentheses indicate reference number and page 
number, respectively. 
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& " aii°x + 
S • *12*x + ®22°y + =26V 
^xy ^16^x ^  ^26'^y ^ ^66^xy (1) 
Equilibrium equations, in the absence of body forces, are given as 
8x 3y 
^ + (2, 
The boundary conditions are given as (1, p. 21) 
a cos(n,x) + T cos(n,y) = X 
X xy n 
T^cos(n,x) + OyCos(n,y) = (3) 
where n is the direction normal to the boundary and X , Y are the 
n n 
boundary surface tractions. 
Strain-displacement relationships are 
9u 9 V 9u 8v 
X 9x y 9y xy 9y 9x (4) 
which results in the compatibility equation as given below 
9y 9x 3x9y 
Substituting strains from equation set (1) in equation (5), we 
get the compatibility equation in terms of stresses as 
6 
3% 3% 
+ *12°, + *16^xy> + (*12°% + =22°y + =^6V' " 
jZ 
9Ï37 '°16°x + "26°, + ^ 66V' ° " 
Any state of stress must satisfy the equilibrium equation (2), 
the boundary equation (3) and the compatibility equation (6). By 
choosing an Airy's stress function F such that 
2 2 2 
3 F 9 F 3 F 
a = —z 0 = —« T ~ ~ 
X 3y2 y J^2 xy 3x3y ( 7 )  
then F automatically satisfies the equilibrium equation set (2), 
By substitution of equations (7) into equation (6), we find the 
compatibility equation in terms of F (1, p. 21) 
^ ' ''26 ^ tv '  * 
a,, ^  . 0 (8) 
The boundary conditions can also be expressed in terms of first 
derivatives of stress function F, as (1, p. 23) 
1 " + 'l 
f - + =2 (9) 
Again and are the boundary surface tractions and S is the boundary 
path. 
7 
Fig. 1, Composite plate with off-axes principals directions. 
Equation (8) is for a general orthotropic plate with principal 
orthotropic axes at some angle with respect to x-y coordinates (Fig, 1). 
For the special case of the principal orthotropic axes coincident with 
the x-y axes (a = 0 in Fig. 1), a^^ = a^g = 0 and equation (8) in terms 
of familiar orthotropic constants E^, v-^2 ^12 becomes (1, p. 22). 
For the study of an orthotropic plate under generalized plane stress 
or plane strain, only these four material properties, E^, E^, and 
6^2» are needed from the total of nine constants given in equation 1, 
For an isotropic plate, E^ = E, = E,v^, = = v and G = . There-
JL *• J.*- V/ 
fore equation (10) reduces to the familiar bihnrmonic equation. 
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+ 2 + i!: = 0 (11) 
3x 8x 3y 9y 
All the above formulae are derived for generalized plane stress. 
For generalized plane strain we have = Yy^ ~ and generalized 
Hooke's law reduces to (1, 25) 
^ • ^11°% " hl'y + 
"y ' "iz'x + \2'y + '26^ 
fxy = '16% + '•26°y + "bsV (12) 
which have the same form as equation (1) with a^^ replaced with b_. 
The relationship between a^^ and b_ is given by (1, p. 25). 
•« • -a - ^  
Equilibrium equation (2) and boundary equation (3) are the same for 
Diane stress and ulane strain: therefore, bv substituting b.. for a.. ij 11 
all previous equations hold for plane strain. 
We now go back to equation (8), which is the compatibility equation 
for a general orthotropic plate under a state of plane stress. To find 
the stress function F which satisfies both equation (8) and boundary 
condition (9), we rewrite equation (8) in the form of (1, p. 27) 
D^D2D2D^F = 0 (14) 
where 
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and are the roots of characteristic equation 
*11%* - +(2a^2 + ^ 66^^^ " 2*26* + *22 = ^ <1*) 
Equation (16), except for a few special cases, has complex or 
purely imaginary roots which are pairwise conjugate. They are called 
material complex parameters and designated referred to 
as li's in the remainder of this work. These roots characterize the 
degree of anisotropy of the material. In general, th% roots of the 
characteristic equation (16), p's, fall into one of the following cases; 
case 1) The roots are pairwise different. 
= a + gi = a - Bi 
%2 = Y + 6i Vi2 " Y " d?) 
case 2) The roots are pairwise equal. 
^ ^ 2 ^  ^  ^  
ûi = y2 ^ (18) 
where a, g, v and ô are real numbers, and i is square root of -1. 
Again for the special case when the material principal orthotropic 
directions coincide with the x-y axes (a = 0 in Fig. 1), a^g = = 0 
in the characteristic equation (16), and then this equation in terms of 
orthotropic constants, E^, v^2 becomes [1, p. 28]. 
, E , E 
U + (^-^ - 2v )ii + ^  = 0 (19) 
12 2 
Having the elastic constants E , E , G and v , equation (19) can 
1 2 12 12 
be used to obtain the material complex parameters for this special case. 
Showing them as (y')'s, they fall into one of the following cases. 
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case a) Complex parameters are purely imaginary and equal. 
Pi = ^2 3i ^ (20) 
case b) Complex parameters are purely imaginary and unequal. 
= Bi = - Bi 
^2 = (Si ^2 "• (21) 
case c) Complex parameters have equal real parts with opposite 
sign, and have equal imaginary parts, 
t _» 
= a + $i = a - Bi 
yg = -a + gi Wg = -a - 6i (22) 
In general the principal orthotropic directions do not coincide with 
the x-y axes. The complex parameters for these general cases can be 
obtained from the (y»)'s, complex parameters for special case above, by 
using a coordinate transformation and the fact that the strain energy 
of the material is an invariant of the coordinate system [1, p. 42]. 
In doing so wa obtain the following: 
y^ cos a - sin a 
cos a - y^ sin a 
^2 = 
y2 cos a - sin a 
cos a - y2 sin a (23) 
in which (y')'s are complex parameters for the case when principal 
directions coincide with the x-y axis and the y's are the complex 
parameters for the case when the principal directions are at an 
11 
angle a with the x axis. In the rest of this work, p's represent both 
p's and (vi')'s. "For isotropic materials ^ ^1 ~ ^2 ~ 
The stress function F which must satisfy the compatibility equation 
(8) (or equivalently equation 14) depends on the roots, p's, of the 
characteristic equation (16). For the two cases 1 and 2 expressed by 
equations (17) and (18), the roots are given as follows [1, p. 29]. 
For case 1 (when y's are pairwise different, equation 17) 
F = F^(Z^) + FgfZg) + 2^(2^) + ^^(Zg) (24) 
For case 2 (when y's are pairwise equal, equation 18) 
F = F^(Z^) + + 2^(5^) + Z^F^(Z^) (25) 
where F^ are any analytic function of Zg, Z^ and Z^, and 
Zi = X + ^ ly Z^ = X + y^y 
= X + ]i^Y Z2 = X + y^y (26) 
Considering further that the stress functions must be real functions 
of X and y, equations (24) and (25) become [1, p. 30]. 
F = 2 Re [F^^Z^) + FgfZg)] (27) (for different y's) 
F = 2 Re [F^(Z^) + (28) (for equal y's) 
Having stress functions F^ the stresses and displacements can easily 
be obtained by using equations (7), (1) and (4) as follows: 
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For case 1 (p's are pairwise different, equation 17) stress 
function F is given by equation (27). Substitution of this equation 
into equation (7) gives [1, p. 31]. 
0% = 2 Re [u^ f|' (Z^) + pg Fg (Z^] 
0 = 2 Re [F^' (Z^) + F^ (Zg) ] 
T = -2 Re [p^ F^' (Z^) + f" (Zg)! (29) 
Substitution of equation set (29) into equation (1), and then 
substituting the results into equation (4), gives, in absence of rigid 
body displacement, [1, p. 31] 
u = 2 Re [P^ F^(Z^) + Pg FgfZg)] 
v = 2 Re [q^ F^(Z^) + q^ F^fZ^)] (30) 
I II 
where F^ and F^ are the first and second derivatives of F^. with respect 
to their arguments Z^, and 
^1 " ^11 ^ 1 ^12 " ^16 ^1 
^2 " ^11 ^ 2 ^12 " he ^2 
, ^22 
qi = *12 *1 + --- - ^26 
^1 
92 = *12 ^ 2 + - *26 (31) 
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For case 2 (y's are pairwise equal, equation 18), the stress 
function is given by equation (28). This equation is the solution to 
equation (8) which is the compatibility equation for the orthotropic 
case. Equation (28) is also a solution to equation (11), which is the 
compatibility equation for isotropic case [2, p. 36]; therefore, the 
case of pairwise equal complex parameters, v's, is identical with the 
isotropic case and crack tip stress formulas available for isotropic 
materials are applicable to this special case of orthotropic materials. 
Note that Z = x + iy in isotropic fracture formulas must be replaced by 
= X + uy (see equations 41 & 43 for crack tip stresses in isotropic 
materials). The displacement for this case can be obtained by a pro­
cedure similar to case 1; i.e. substitution of equation (28) in equation 
(7) gives stresses. Substitution of these stresses into equation (1) 
gives strains. Substituting the strains into equation (4) gives the 
displacements. 
According to the principles of linear fracture mechanics, crack 
tip displacements can be divided into three basic modes as follows 
(Fig. 2): 
Mode I, crack opening under symmetric loading 
Mode II, edge-sliding under skew symmetric loading 
Mode III, crack tearing under out of plane loading 
The superposition of these three modes gives the most general case of 
crack tip displacement and stress. 
To solve any orthotropic plate under generalized state of plane 
stress or plane strain, we need only to find a stress function F in the 
14 
Mode II 
Mode I 
Mode III 
Fig. 2. Crack tip failure modes 
form of equations (27) or (28) which satisfies the boundary conditions. 
For the problem of an infinite orthotropic plate, with central crack, 
subjected to uniform stresses a and t at infinity (Fig. 3, plane ex­
tension modes I & ID Sih et al. [3, p. 194] gives the stress function F 
for the case of different complex parameter y's (case 1, equation 17) as 
follows: 
F (Z ) = i = 1,2 (32) 
/r (cos S + vi^ sin 0) 
where 
15 
^2 = ^11 
= 0 /a 
*11 = ? /* 
(33) 
(34) 
and 0 and r are shown in Fig, 3, a and T are stress at Infinity, 2a is 
the crack length and jj's are material complex parameters. 
L—2o-J 
-*-x 
Fig. 3. Plate containing central crack 
Substitution of equation (32) in equations (29) and (30) gives 
stresses and displacements at the crack tip for plane stress conditions 
as follows: 
1) For crack opening mode, mode I (K^^ = 0) 
16 
a = Re ^1^2 (-
«^cos 0 + y^sin 0 /cos 0 + y,sin 0 
K, 
/2F 
Re 
1 
y^ - y^ /cos 0 + ygSin 0 /cos 0 + y^sin 0 
Ki 
= -i- Re ^^1^2 
y^^ - y^ /cos 0 + ygSin 0 /cos 0 + y^sin 0 
(35) 
and 
u = /2r Re 
^1 - ^2 
(yj^P2 /c0i~T^rii^sin~0 
^2^1^*^°^ 0 + y^sin 0) 
V = Kj /^ Re 
yi - y. 
(y^qg /cos 0 + ygSin 0 -
y 24 2 0 y^^sin 0 ) iju; 
17 
2) For edge-sliding mode, mode II (K^ = 0) 
fll 
TU 
Re 
v'cosQ + y^siri© /cos 0 + y^sin 0 
^11 
a = Re y -) ]ij^ - vcosO + y^sinO /cos 0 + u.sin 0 
P.e 
and 
- ^ 2 /cos 0 + y^sin 0 /cos 0 + PgSin 0 
(37) 
u = Re 
^1 - ^ 2 
(Pg/cos 0 + y2Sin 0 - p^/cos 0 + y^sin 0) 
V = K^^/2r Re 
^1 - ^2 
(q^v'cos 0 + ygSin 0 - q^/cos 0 + y^sin 0) 
(38) 
It was indicated before that the case of equal complex parameters 
(case 2, equation 18) can be reduced to the isotropic case by simply 
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substituting = x + wy for Z = x + iy in isotropic formulas, Paris 
[2, p. 64] gives the stress functions for an infinite isotropic plate 
with central crack under application of uniform stresses a and t at 
infinity (plane extension modes I & II) as 
+ K. 
F = II (39) 
(2Tr 
where 
Ç  =  Z -  a  =  x  +  i y - a = » r e  10 (40) 
Kj and are given by equation (34) and 2a is the crack length. Using 
stress function F, crack tip stress and displacement equations for plane 
strain isotropic materials are as follows [2, p. 32]: 
a) Crack opening, mode I (K^^ = 0) 
a = 
X (2itr) 
e 
1/2 2 
, . e , 30 
1 - sin Y sin -y 
a = 
(2nr) 1/2 2 
1 + sin ^  sin 
xy (2%r) 1/2 
0 0 30 
sin *2 cos Y cos -y (41) 
" z  '  "  " y )  T = T = 0 xz yz 
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and 
K_ 1/2 
u = 
2TI 
0 
cos J 2v + sin^ I 
1/2 
V = 
2ïï 
. 0 
sin *2 2 - 2v - cos 
2 0 
(42) 
b) edge sliding, mode II (K^ = 0) 
KlI 
X (2irr) 
0 
1/2 2 
o ^ 0 30 
2 + cos Y cos -y-
_  _  ^ 1 1  . 0  9  3 0  
y " (2,^)1/2 2 2 cos 
K, 
II 
xy (2irr) 
0 
1/2 cos 2 
. 0 . 30 
sin - sin — 
(43) 
*z = + Oy) 
"XZ = Tyz = 0 
and 
u = ^11 
2ïï 
\ / 
1/2 . 0 
sin Y 
2 0 
zv T cots "2 
V = II 
1/2 
2u 
cos *2 
2 0 1 + 2v + sin ^ 
(44) 
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where v and G are elastic constants. Since the orthotropic case with 
equal y's is identical with the isotropic case if is substituted 
for Z, then from equation (40) we have: 
Ç  =  Z ^ - a  =  x  +  n y - a = r '  e^ * ^  ( 4 5 )  
The crack tip stress distribution for this orthotropic case is given by 
equations (41) and (43) with r and 0 being replaced by r' and 0 . Sub­
stitution of these stresses into equation (1) and then substituting the 
results into equation (4) gives the crack tip displacement equations 
for the orthotropic case with equal y's. 
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FRACTURE MECHANICS OF ORTHOTROPIC MATERIALS 
IN PLANE EXTENSION 
The proper way to begin a study of fracture in orthotropic mate­
rials is to compare their fracture with the fracture of isotropic 
materials. It should be determined whether or not the principles of 
linear fracture mechanics, which were developed for isotropic materials, 
are applicable to orthotropic materials. If these principles do not 
hold or only partially hold, a new or modified set of principles must 
be developed. 
The principles of linear fracture mechanics are based on the 
following three basic criteria: 
a) The crack always advances along the original crack direction. 
b) Based on loading conditions and crack tip displacements, three 
different modes of failure, namely crack opening mode, edge-
sliding mode and crack tearing mode, can be identified, Fig. 2. 
c) The crack tip stress distributions for the above modes are 
given by equations (41) and (43)• The values of and 
in these equations are given by equation (34). The crack 
tip stress distributions are independent of material orien­
tations and material properties. Along any radial direction 
1 (see Fig. 3), they are only functions of — . and 
/r 
represent the intensity of such stress distributions and are 
called stress intensity factors. The critical values of stress 
22 
intensity factors, the values corresponding to the start of 
crack growth, are called fracture toughness of mode I and mode 
II. They are given as: 
he ° "c 
Kijc = ^ («) 
where and are stresses at infinity corresponding to the 
start of crack growth and 2a is the crack length. Experimen­
tally it is proven that and are constant material 
properties. Once the fracture toughness of the material is 
known, the conditions at which the cracks start to grow can 
be predicted. 
To understand the stress intensity factor and fracture toughness 
better, it must be noted that the stress intensity factor relates to 
fracture toughness in the same way that stress relates to strength. 
Strength is a material property whereas stress is not. In the same way, 
fracture toughness is a material property while stress intensity factor 
is not. It must also be noted that when the crack length approaches 
zero in equation (46), since K and K are constant material 
properties, and must therefore reach infinity. This would mean 
that the strength of all uncracked materials are infinite, which obvi­
ously is not true. The explanation for this is that small natural 
cracks and flaws exist in any material and failure always starts from 
such cracks or flaws. Equation (46) should hold for the case of natural 
23 
cracks and flaws too. Therefore the strength of the material is given 
by 
C (47) 
where is tensile strength, is shear strength, and are 
fracture toughness and a is one half the largest flaw in the materials. 
Fracture phenomena in orthotropic materials are much more complex 
than fracture in isotropic materials. Careful study of crack tip stress 
equations, (Eqs. 35 & 37), and crack tip deformation equations, (Eqs, 
36 & 38), reveals the degree of complexity of orthotropic fracture and 
its significant difference from isotropic fracture. Because of these 
differences and because the principles of linear fracture mechanics are 
based on the fracture of isotropic materials, great care is needed in 
the application of these principles to orthotropic materials. î'/hen the 
principles are not applicable, new principles must be derived and 
checked with experimental data. To study the extent of application 
of linear fracture mechanics to orthotropic materials and the possible 
determination of constants and which characterize the fracture 
toughness, it is not only necessary to examine the stresses at the 
crack tip but also to consider the crack tip displacements, crack tip 
failure modes and the direction of crack growth as well. Only when 
all of these satisfy the principles of linear fracture mechanics can 
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it be said that the principles are applicable to orthotropic materials. 
The major deviations of orthotropic fracture from the principles of 
linear fracture mechanics follow: 
1) In orthotropic materials containing a crack, the crack in 
general does not grow along the original crack orientation; 
i.e., in unidirectional composites the crack always grows 
along the fiber orientation. This fact alters the principles 
of linear fracture mechanics, which assume in advance that 
the crack always grows in the direction of original crack. 
2) After careful study of the crack tip displacements in ortho­
tropic materials, equations (36) and (38), it may be seen 
that these materials under the application of a single load 
mode, for example symmetric loading of Fig. 2a, in general 
will have the crack tip displacements of mixed mode, mode I 
and mode II (see Figs. 2a and b), This also differs from the 
principles of linear fracture mechanics which are based on 
the separation of modes of failure according to Fig. 2. 
3) Investigation of crack tip stresses for orthotropic materials, 
equations (35) and (37), reveals that these stresses are 
functions of material complex parameters u's which in turn 
are functions of material properties and orientations as 
indicated by equations (19) and (23). This also differs from 
the principles of linear fracture mechanics which were 
developed on the basis that crack tip stress distributions 
are independent of material properties and orientations. 
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Consideration of the above three facts indicates that, in general, 
the principles of linear fracture mechanics do not hold for orthotropic 
materials, and the possibility of finding two materials constants, 
Kjc and to represent the fracture toughness of orthotropic material 
does not exist. Thus each case of orthotropic materials must be con­
sidered separately, and the application of linear fracture mechanics to 
each individual case must be examined. 
Unfortunately the scope of this work does not permit a full in­
vestigation of different orthotropic cases, and therefore it has been 
limited to the case of unidirectional composites in plane extension 
(modes I & II). In this case, fibers are all along the same direction, 
and cracks always grow along the fiber orientations. The two following 
different cases can be identified for unidirectional composite 
materials : 
1) The special case of original crack along the fiber direction. 
For this special case all deviations from the principle of 
linear fracture mechanics explained above vanish; thus : 
a) The crack grows along its original direction, which is 
the fiber direction. This is intuitively expected and 
also has been shown by our experiments, 
b) Examination of crack tip displacement equations (36) 
and (38) reveals that, for this case ^ the displacements 
are not mixed mode deformations; i.e., for symmetric 
loading of Fig. 2a only the crack opening mode is present. 
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c) Equations (19) and (23) indicate that material complex 
parameters y's are constant for any fixed orientation 
of crack and fiber (a = o). Therefore, the crack tip 
stress distribution equations (35) and (37) are inde­
pendent of material directional properties. Along any 
radial direction, (see Fig. 3) these stress distri­
butions are only functions of — ; their intensities at 
the start of crack growth are constant material proper­
ties, and Kjjqo' this fixed fiber orientation, 
a = 0. This fact has been verified experimentally and 
shown in the experimental part of this work. 
Consideration of the above three facts indicates that the princi­
ples of linear fracture mechanics hold for the case of a crack along 
the fiber orientation. Most of the cracks and flaws created in the 
manufacturing processes are in the fiber direction. Furthermore, as 
is intuitively evident and has been shown by our experiments, this 
direction is the weakest and shows the least resistance against crack 
growth. The fracture toughness and K obtained for this special 
J.UU xiLU 
case has very significant value in design and is called the critical 
fracture toughness of materials. 
2) The general case of fiber oriented at some angle a with respect 
to the crack. For this case we have: 
a) The crack grows along the fiber orientation, which is not 
the original crack direction. 
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b) Equations (36) and (38) show that crack tip displacements 
are mixed mode; i.e., for symmetric loading of Fig. 2a, 
both crack opening and edge-sliding modes, Figs. 2a and 
b are present. 
c) As indicated before for any fixed fiber orientation a the 
material complex parameters y's are constants and there­
fore crack tip stress distributions along any radial di­
rection are only functions of — , The intensities of 
/F 
these stress distributions at the start of crack growth 
are shown as IC_ and K__- . The last indices in , iCa IlCot I Co 
^IlCa' %^#%^GGnt the crack fiber orientation. 
The crack tip stress distributions are the most important factors 
in fracture mechanics and they are the major cause of crack advances. 
The crack tip displacements and the direction of crack growth are not 
equally important. Therefore, even though the cracks do not advance 
along their original direction and crack tip displacements cannot be 
separated, the intensity of the above stress distributions at the start 
of crack growth, K and K , can still be considered as constant J.GCC 
material properties fracture toughness for fixed fiber orientation a. 
K_^ and are functions of fiber orientation a. In the experimental 
ICa IlCa 
part of this work it has been shown that for any fixed fiber orientation 
a, is indeed a constant material property independent of crack 
length. has been determined for several different angles a. These 
values then have been plotted against fiber orientation a. An empirical 
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formula has been developed to relate the fracture toughness when 
the crack and fiber are at an angle a, to the fracture toughness 
when the crack is along the fiber orientation. In the same way 
can be related to 
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EXPERIMENTAL VERIFICATIONS 
In order to establish full confidence in the principles discussed 
previously, they should be verified experimentally. Unfortunately 
the limited scope of this work does not permit the verification of 
all aspects of orthotropic fracture and different modes of failure. 
Therefore only the experimental verification of the crack opening mode 
will be established for fiber glass epoxy (Scotchply 1002, manufactured 
by 3M Company, Minneapolis, Minn.). The remaining modes of failure can 
be verified by similar procedures. 
To determine the fracture toughness of isotropic materials, the so-
called "compliance calibration technique" is widely used. This method 
is based on energy release rates per unit of crack surface area A 
generated by the crack growth. According to this principle the energy 
2 
P 9 X 
release rate G is given by G = -y where P is the applied load, X 
is the compliance (that is, inverse spring constant), and ~ is the rate 
of compliance's change with respect to the crack surface area. To find 
3 X 
experimentally, numerous specimens with different crack lengths are 
needed and the procedure is very tedious and involved. Furthermore, the 
compliance calibration technique is not valid for the orthotropic ma­
terials when the crack does not advance along the original crack direc­
tion. This is because the compliance calibration technique is based on 
the principle of linear fracture mechanics, which assumes in advance 
that the crack grows along its original direction. Therefore, a method 
30 
for determination of fracture toughness suitable to orthotropic 
materials must be developed. 
As will be seen in this investigation, combinations of a single 
standard compact tension specimen and its finite element model can be 
used to determine the fracture toughness of materials. A brief outline 
of the procedures follow: 
1) A compact tension specimen (or any other standard specimen) is 
made and the load corresponding to the start of the crack 
growth is determined. 
2) A finite element model of the specimen is developed, and crack 
tip stress distributions corresponding to the load in step 1 
are determined. 
3) The above stress distributions are related to and 
stress intensity factors, according to equations (35) and (37). 
r r 
These equations are used to calculate and stress 
intensity factors corresponding to the stress at a point 
distance r from the crack tip. These values are then plotted 
vs. r. The extrapolations of these curve to the or axes 
(r = 0) are the fracture toughness of the material. Chan et al. 
[4] first used this method to find the stress intensity factor 
of isotropic materials. 
The advantages of this method are as follows : 
a) Only one specimen is needed for determination of the fracture 
toughness. 
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b) This method can also be used for cases in which the crack 
advances at an angle to the original crack direction. 
c) By avoiding the immediate crack tip area and relating stresses 
at a short distance from the crack tip to K, the effect of 
crack tip plastic zone on the results is minimized. 
d) Since this method directly relates crack tip stresses to 
fracture toughness, it gives the most accurate results. 
e) The results can be easily checked by repeating steps one to 
three above for a different crack length. 
In this investigation, the above method has been used for the 
verification of the orthotropic fracture. Following is a discussion of 
the detailed procedures of this investigation; 
1) Determination of the elastic constants of the material: The 
elastic constants of Scotchply 1002 were determined by attaching 
electrical resistance strain gauges to three standard tension 
test (dog bone) specimens with fiber orientations of 0, 45-45 
and 90 degrees [5, P. 63]. Two specimens were prepared for 
each fiber orientation. Stress versus strain plots were made, 
and elastic constants and G . were obtained 
from the corresponding plot. The elastic constants were also 
calculated by the laws of mixture [5], All of these values are 
shown in Table 1, including the values obtained from the 
manufacturer by direct contact. Since the results are very 
close to each other and in order to be able to compare this work 
with the work of other investigators, the elastic constants 
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Table 1, Elastic constants of Scotchply 1002. 
Material's 
constants * 
/ 
Experimental 
values 
Laws of 
mixture 
values 
Manufacturer's 
values 
Values used 
in this 
research 
:i 5.9 5.0 5.8 
5.8 
^2 
1.18 1.6 1.2 1.2 
S2 0.59 
0.47 - 0,6 
^12 
0.29 0.28 0.26 0.26 
^21 
0,07 0.06 - 0.05 
*E & G in (10)* psi 
given by the manufacturer are used whenever possible. These 
values are given in the last column of Table 1. 
2) Preparation of specimen: Fiber glass-epoxy, Scotchply 1002 with 
stacking sequence of [0°/90°/13(0°)/90°/0°] was used. Unidi­
rectional materials, 0.195 in. thick, were obtained by removing 
the first two and the last two layers of the 17 ply panel, 
Standard compact tension specimens, Fig. 4, were made from uni­
directional glass-epoxy material for different crack lengths 
= 0.3, 0.4, 0.5, 0.6, 0.7) and different fiber orientation 
(a = 0; 15; 30, 45, 60, 75 and 90 degrees). For each crack 
length and fiber orientation at least two specimens were made. 
The crack tip was sharpened by using a jeweler's saw. and razor 
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Fig. 4. Compact tension specimen, 
blades. The specimens ware then loaded by an electrohydraulic 
machine (MTS), and then load versus crack-opening displacement, 
the displacement of point C with respect to point D in Fig. 4, 
was recorded for all specimens. The maximum load, is con­
sidered as the load corresponding to the start of crack growth. 
Fig. 5 shows load versus crack=opaning displacement for a speci­
men with — = 0.5 and a = 90, P for the other specimens are 
w max 
given in Tables 2, 3, and 4 on page 45, 
3) Development of finite element models: Finite element models of 
all specimens with different crack lengths had to be developed. 
When the cracks are along the fiber orientation, a = 0, the 
displacements of the specimens are symmetric with respect to the 
X axis (see Fig. 4). Therefore, the finite element model of a 
half specimen is suitable for this case. Fig, 6 shows the 
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Fig. 5. Load vs. crack opening displacement for — = 0.5 and a = 90°, 
to 
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Fig. 6. Half specimen mesh; — = 0.5. 
r 
\ y / \ 
1
\
 
\ 
-
/ \ / K / \ / \ / \ / \ / \ / 
/ \ 
n 
/ 
-J 
^ .16  -b.iz -b.oB ].0S '^(>.00 0 
-Crack tip 
.OU O.DB 0 
X-f i XI S  
iz D'. 16 o'.zo o'.su o'.ze 
Fig. 7. Crack tip elements 
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computer plot for a half specimen model with quadrilateral 
elements and — = 0.5. The crack tip elements are shown in 
w 
Fig. 7. Since the stress distributions along the x axis are 
required, the elements along this axis are well-refined. The 
2 
area of the crack tip elements is only 0.0001 in . This mesh 
has 544 elements and 602 nodes. In the process of developing 
this mesh, the influences of shape and size of crack tip 
elements on the crack tip stress distributions were fully 
considered. Also the mesh band widths were minimized to re­
duce the computer cost. 
The finite element models for other crack lengths, 0.3, 
0.4, 0.6 and 0.7, were obtained by developing two computer 
programs capable of generating nodes and elements of a new mesh 
with different crack lengths from the previous mesh. The band 
width of the new mesh was still kept at a minimum. These two 
computer programs are given in Appendix 2 as computer programs 
No. 1 and No. 2. Fig. 8 shows a typical new mesh with ^  = 0.6. 
When fiber orientation is at an angle with respect to the 
crack, the displacement of the specimen is not symmetric, and 
thus a full specimen finite element model is required. The full 
specimen meshes are also obtained by developing two computer 
programs capable of generating nodes and elements of a full 
specimen mesh from a half specimen mesh. Again the band width 
of the new mesh was kept at a minimum. These computer programs 
are given in Appendix 2 as computer programs No. 3 and No. 4. 
w 
00 
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Fig. 9 shows a typical full specimen mesh with ~ = 0.3. The 
crack tip elements are shown in Fig. 10. 
Boundary conditions must be imposed on the finite element 
model. In Fig. 9, point A is fixed in the x and y directions, 
and point B is only fixed in the y direction. These three 
boundary conditions keep the model from rotating and trans­
lating. These boundary conditions were checked on a small 
model with only 36 elements and 52 nodes. Their effects on 
crack tip stresses were minimal. The boundary conditions for 
the half model are simple because of symmetry. In Fig. 6, 
point A is fixed in both the x and y direction and all the nodes 
between point A to B including the crack tip are fixed in the 
y direction only. 
A Solid Sap finite element program, which is a general 
purpose program capable of handling orthotropic elements, was 
used. The linear elastic action was assumed and the Solid 
Sap program was run for all the models. A dummy load of P = 
100 lbs. was used (see Fig. 4). The crack tip stresses were 
normalized with respect to the load P. Crack tip stresses and 
crack tip displacements were stored on tape for future use. A 
computer program (C.P. #5 in Appendix 2) was developed to plot 
the normal crack tip stress versus the distance from the 
crack tip r. Fig. 11 shows a typical crack tip stress distri­
bution, Oy along the x axis with ^  = 0.5 and a = 45 degree. The 
stress distributions, a along the x axis for the same — ratio 
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Fig. 9. Full specimen mesh with ^  = 0.3. 
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Fig. 10. Crack-tip elements for full mesh. 
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Fig, 11, Crack tip stress distribution, a along the X axis 
A3 
and different fiber orientation a are identical to the Fig. 11, 
as they should be according to the equation 35. 
Determination of stress intensity factors and fracture tough­
ness: The above stresses are related to stress intensity 
factor as indicated by equation (35). Using these equations 
for 0=0 and the above crack tip stress distributions, stress 
intensity factors K corresponding to distance r from the 
crack tip can be calculated and plotted against r. Extrapo­
lation of these values to r = 0 is the stress intensity factor 
for load P. The stress intensity factor corresponding to the 
start of crack growth (P = P^^^ Fig. 5) is the fracture 
toughness of the material. Fig, 12 shows the computer plot of 
normalized vs. r/w, for a model with — = 0.5 and a = 45. 
w 
Computer program No. 5 in Appendix 2 is also capable of 
plotting the above figure. 
The fracture toughness for different crack lengths and 
fiber orientations were obtained by using the above method. 
The results are listed in Tables 2 ^ 3 and 4. 
The crack tip displacement is an important factor in the 
study of fracture mechanics. Using crack tip deformations, the 
separation of failure modes, as occurs in isotropic materials; 
or the existence of mixed mode of failure, as occurs in ortho-
tropic materials, can be verified. Since the crack tip 
displacements are very small, they are magnified one hundred 
times for plotting purposes. Computer program //6, given in 
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Table 2. Fracture toughness for the case of crack along the fiber 
direction 
„ ^ !ï^ Kjco»-® -^ico irsr-
0 .3 79 5.0 395 829 2 
0 .5 41 9.1 373 783 4 
0 .7 19 21.4 396 831 2 
Table 3. Fracture toughness for the case of crack at angle 45° with 
respect to the fiber direction 
a p % Difference 
w max P from mean 
45 ,3 92 6,1 563 1182 2 
45 .5 54 10.0 540 1134 2 
45 .7 24 23.0 540 1159 0 
Table 4. Fracture toughness for different crack-fiber orientation 
#  ^ 'ic. 
0 . 5 41 9.1 373 783 
30 .5 51 9.6 490 1029 
45 .5 58 10.0 580 1218 
60 .5 72 10.4 749 1572 
90 .5 110 10.5 1155 2425 
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Appendix 2, was developed to plot the crack tip displacements. 
Fig. 13 shows typical crack tip displacement for the model 
with ^  = 0.5 and a = 45 degrees. It clearly indicates the 
existence of both crack opening and edge-sliding modes. 
The above method was first applied on isotropic materials, 
and good results were obtained before it was used for ortho-
tropic materials. 
5) Results and Conclusions: Considering the results of 
Tables 2, 3 and 4 above,! the following conclusions can 
be drawn: 
a) For the case of cracks along the fiber direction, 
a = 0, the values of fracture toughness for 
different crack lengths are given in Table 2. The 
maximum percent difference between these values is 
4%. Thus for the case of cracks along the fiber 
orientation, the fact that the fracture 
toughness, is a constant material property was 
verified. After noting that for this case cracks 
always grow along their original directions and that 
the crack tip displacements can be separated into the 
three different failure modes, it can be concluded 
that the principles of linear fracture mechanics hold 
completely for the case of cracks along the fiber 
direction. 
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Fig. 13. Crack tip displacement, ^  = 0.5, a = 45°. 
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For the case of fiber oriented at some angle a 
(45°) with respect to the cracks, the values of 
fracture toughness are given in Table 3, The 
max. percent difference between these values is 
2%. Thus for each fixed angle a; i.e., a = 45°, 
the ract that fracture toughness, is a con­
stant material property was verified. It must be 
remembered that for this case, cracks do not grow 
along their original direction and the crack tip 
failure can not be separated into three different 
modes. These two facts violate the principles of 
linear fracture mechanics which are based on the 
growth of cracks along their original directions and 
the separation of crack tip failure modes. But, since 
in the process of fracture, the direction of crack 
growth and the separation of crack tip failure modes 
are not as important as the intensity of crack tip 
stress distributions at the start of crack growth, 
it can be stated that the principles of linear 
fracture mechanics hold conditionally for the case 
of cracks at an angle a with respect to the fibers. 
Table 4 gives the values of fracture toughness for 
— = 0.5 and different fiber orientation a. These 
w 
values were plotted against fiber orientation a 
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Fig. 14. Fracture toughness vs. fiber orientation. 
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in Fig. 14. Using this plot the following empirical 
formula is found. 
^ICa " (l'477a2 + 0.459a + 1) (48) 
This empirical formula relates the fracture 
toughness when the crack and fiber are at an angle a 
with respect to each other, to the fracture 
toughness when the crack is along the fiber direction. 
In the same manner a relationship between K 
IlCa 
and can be established. 
In the next two sections, the results of the finite element 
program and compact tension specimen tests are used to study two 
different and fruitful approaches to the fracture of composite ma­
terials. Since the present finite element meshes are designed for 
evaluation of stress intensity factors, they are not the most suita­
ble meshes for the study of the following two methods. They do 
however establish the ground work for further,research, which is 
strongly recommended. 
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CONCEPT OF STRAIN ENERGY DENSITY 
In his paper, Sih and Chen [6] suggests a new concept for fracture 
of materials. Instead of considering crack tip strain energy release 
as a criterion for fracture, he considers the crack tip strain energy 
density as a criterion for crack propagation. One major advantage 
of this concept is that the direction of crack propagation can also 
be determined by theoretical formulae. Therefore its application to 
composite materials is very promising. According to this principle, 
the strain energy of small elements a short distance r from the crack 
tip (Fig. 15) is: 
dw = 1 / 2 , ^ 2v V , „ N . _L /T 2, 
2E X y / " E ^ X y 2G xy dA (49) 
Fig, 15. Small element a distance r from the crack tip. 
Substitution of isotropic crack tip stresses (equations 41 
and 43) gives the strain energy density as 
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dA r (*11 ^*12 \ ^11 *22 ^ 11 ^ (50) 
where: 
^ _1_ 
*11 16G 
*12 ^  Ï6G 
*22 16G 
(13-4v) - COS0 (1 + COS0) 
COS0 - (l-2v) 
4(l-v) (1-COS0) + (1 + COS0) (3 COS0- 1) 
(51) 
G and v in the above formulae are the usual material properties. 
In equation (50); 
1) Higher order terms in r are neglected 
2) The equation has a -g singularity 
3) The quadratic term in parentheses is called the strain 
energy density factor and is shown by S : 
s . k/ + 2ai2 <^1 + ^22 (52) 
S represents the amplitude or intensity of the energy field and 
is a function of the elements orientation angle 0. According to Sih; 
1) Crack initiation takes place in a direction 0^, where S has 
a maximum value. 
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2) Crack extension occurs when S reaches a critical value for 
0 = 0c' 
Sih investigated the application of this method to fiber glass-
epoxy composites. He assumed that the crack grows in the matrix 
material and that the fiber has only a strengthening effect on the 
matrix. Therefore he used equation (45), which is derived for isotropic 
materials, and considered the effect of fiber existence by pre­
senting two factors <t> and ijj, [6, p. 242]. He finally compared his 
theoretical results with the experimental work of Wu, Appendix 1, 
and found good agreement between the two. 
This new concept of fracture mechanics, strain energy density, 
is also investigated in this work. Since the direction of crack 
growth can be determined by using this concept, its application to 
the case of cracks at an angle a with respect to fiber orientation, 
in which cracks do not grow along their original directions, is very 
promising. The case of cracks at an angle a with respect to fiber 
orientation was not studied by Sih or Wu, Using equation (49) and 
the results of the finite element program, the strain energy density 
on a small circle around the crack tip is calculated and then it must 
be determined; 
1) If the strain energy density has a stationary value at 
the direction of crack growth (fiber direction), and 
2) If the strain energy density is a constant material property 
regardless of crack length and fiber orientation. 
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The procedure is as follows; 
1) Verification of Sih's first criterion. 
Using the results of the finite element program for the 
cases of a = 0 and a = 45 degrees, the strain energy 
density factors on the circumference of a small circle 
of radius 0.0071" (one half of the crack tip element's 
diagonal) around the crack tip is calculated. These 
values of S are then plotted in Fig. 16, where the strain 
energy density factor of each point on the circle is given 
by the corresponding distance of the dashed line from the 
crack tip. 
As can be seen from Fig, 16, the strain energy 
density factor is maximum at a = 0 in Fig. 16a and at 
a = 45° in Fig, 16b = tx = 0 and a = 45 degrees are the 
fiber directions. Considering that the crack always grows 
along the fiber direction, it can be concluded that Sih's 
first criterion, "the strain energy density factor has 
a stationary value, maximum, at the direction of crack 
growth" is verified, 
2) Verification of Sih's 2nd criterion, 
The strain energy density factors corresponding to the 
crack tip elements, Fig. 15, are calculated for different 
crack lengths and fiber orientations. These values are 
given in Table 5. The maximum percent difference between 
55 
0.0245 
0.0218/ 
\ 0.0498 
tlpt) crack 
(a) 
\ 0.0585 
0,0125/.. 
crack tlu 
.0496 
(b) 
Fig. 16. Strain energy density factor on the circumference of a small 
circle around the crack tip; a, a = 0 degree; b, a = 45 degree. 
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Table 5. Strain energy density factor for different crack lengths 
and fiber orientations 
a Strain energy 
a w r in. density factor S 
0 0.5 .0071 0.0498 
0 0.7 .0071 0.0613 
45 0.5 .0071 0.0585 
45 0.7 .0071 0.0588 
90 0.5 .0071 0.0510 
5.7 
the values of S is 12%. Therefore it can be concluded 
that Sih's 2nd criterion, "the strain energy density 
factor is a constant material property regardless of 
crack length and fiber orientation" is verified. 
Since by this method the direction of crack growth 
can be determined and also a single constant material 
property S can be obtained independent of crack length and 
fiber orientation, this method shows great promise in the 
study of fracture in composite materials. 
It should be noted that the present finite element 
mesh was designed for stress intensity evaluation. A mesh 
having more radial symmetry to give more direct values of 
stresses on the small crack tip circle and more refinement 
of crack tip elements is needed for the calculation of S. 
Further investigation using more suitable finite element 
meshes should show improved results, 
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ANOTHER LOOK AT CRACK TIP STRESS DISTRIBUTIONS 
Crack tip stress distributions are the most important factors 
in fracture mechanics, and they are the major gause of crack 
growth. Therefore in this section the state of stress at the tip 
of the crack for different crack fiber orientations is studied 
further, and a new method for investigation of fracture when the 
original crack is not along the fiber direction is introduced. 
A i I 
crack. 
X 
Y 
Fig. 17. Crack along the fiber direction, under symmetric loading. 
For the symmetric loading of Fig. 2a with the crack along the 
fiber direction; Fig; 17} the crack always grows along the fiber 
direction. The normal stress a along the direction of crack growth, y 
0 = 0 ,  i s  g i v e n  b y  e q u a t i o n  ( 3 5 )  w h i c h  r e d u c e s  t o  
K, 
a 
y /2F 
(54) 
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Shear stress along the direction of crack growth, 0=0, is 
given by equation (35), which is identically equal to zero for this 
case. Therefore is the only driving force causing the crack to 
grow. The stress distribution a is a function of —, and the 
y /"r 
intensity of this stress distribution at the start of crack growth 
is a constant material property for a = 0, namely critical fracture 
toughness 
For the case of antisymmetric loading of Fig. 2b, the shear stress 
along the direction of crack growth, 0=0, is given by equation 
(37), which reduces to 
r .V 
/IF 
T = (55) 
Normal stress along the direction of crack growth is given by 
equation (37)s which is identically zero for this case. Therefore the 
is the only driving force causing the crack to grow. The stress 
distribution t is a function of —. The intensity of this stress 
x y  
distribution at the start of crack growth is a material property 
for this fiber orientation namely, critical fracture toughness of 
mode II. 
For the case of the fibers oriented at an angle a with the crack, 
the crack always grows along the fiber orientation. Fig. 18. The 
normal and shear stresses along this direction can be obtained by 
using transformation equations 
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Eig. 18, Crack at angle a to the fiber direction, under symmetric 
loading. 
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2 2 
a = a Cos a + a sin a + 2t sinaCosa 
a y  X  x y  
2 2 
T = (a -0 ) sina cosa +  T  ( C O S  a sin a) 
a ^ y X xy 
(56) 
Substituting stresses from equation (35) into these equations 
gives : 
_!i_ 
« /E 
Re 
2 Cos a 
/cosa + y^sina /cosa + p^sina 
+ Re 
/cosa + y^sina /cosa + y^sina 
+ Re 
^1^2 cosasina 
/cosa + y^sina /cosa + y^sina 
(57) 
Re 
sina cosa 
^1 ^2 /cosa T y siua /cosa -f y sina 
+ Re 
y^y^ sina cosa 
^"1-^2 /cosa + ygiSina /cosa + y^sina 
/  , 2 . 2 ,  y^y^ (cos a-sin a) ^ 
^r^2 /cosa + y^sina /cosa + y^sina 
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The driving force causing the crack to grow in this case is a combi­
nation of both normal stress o and shear stress T » As indicated 
a ct 
by equation (57), for any angle a these stresses are also a function 
of —. Their intensities comparing with and at the start 
of crack growth are sho\m as and These values are also 
expected to be constant material properties. 
The results of the finite element program are also used to verify 
the above point. Figs v. (19) and (20) show the normal stress and 
shear stress along the direction of crack growth for a specimen 
with ^  = 0.5 and a = 45 degree loaded by a dummy load of P = 100 lb. 
Figs. (21) and (22) show the corresponding normalized and 
stress intensity factor for load P, obtained by using equations (54) 
and (55) and the above stress distributions. and corresponding 
to the load at the start of crack growth are and These 
values and similar values for different ^  ratio are given in Table 5. 
The percent difference for values is 5% and is 6% for K 
iLa iiCa 
Therefore, it can be concluded that K_„ and are constant 
ICa IlCa 
material properties for fixed fiber orientation a. 
Table 6. K and K___ for a = 45 degree and — = 0.3, li.5 and 0.7. 
ICa IlCa w 
a  
£ 
w p. 
max. 
B/ITw 
ICa 
P 
^ICa ^IlCa 
45 0.3 92 12.9 1.6 2494 312 
45 0.5 53.5 21.17 2.65 2378 298 
45 0.7 24 44.00 5.595 2217 2R1 
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5000 
4200 
3400 
2600 
1800 
1000 
2/2 4/2 6/2 r 
Fige 19. Normal stress, along the direction of crack growth, vs. r. 
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Fig, 20. Shear stress along the direction of crack growth, vs. r. 
65 
Fig. 21. Normalized vs.r. 
Fig. 22. Normalized vs. r. 
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The K_ and K__- can be obtained by the above method for 
xCû ilLa 
different fiber orientations a. These values can be compared with 
the and fracture toughness for the case of a crack along 
the fiber direction and under the loading of Figs. 2a and 2b. A plot 
like the one in Fig. 23 can be used for the purpose of comparison. 
ICO 
K. 
lie K. 
IICO 
Fig. 23. Interaction of , K_„ and angle a. 
^ IlCa ICa ° 
An empirical formula can be obtained by using Fig. 23• This empirical 
formula can be compared with the empirical formula obtained by Wu for 
the case of a crack along the fiber direction and under both loading 
of Figs. 2a and b. (For a brief discussion of Wu's work, see 
Appendix 1). 
The experimental determination of needs extensive additional 
laboratory work. Also since the mesh used in this study is refined 
along the x direction in order to obtain a good stress distributions 
along this direction, it does not give very accurate stress distri­
bution along any other direction a. Therefore, at present it is not 
68 
possible to adequately complete the above work. However this method 
appears to be very promising for further research. 
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APPENDIX 1 
Wu [7] investigated the fracture toughness of glass-epoxy for the 
special case of a crack along the fiber direction and under the symmetric 
and skew symmetric loading. He found an empirical relationship between 
Kj and Kjj. 
IC lie 
His method of calculation of K and K is based on substituting 
experimental applied stresses at the start of crack growth in the 
equations 
Kj = o/a 
Kii -
In the methods used in this investigation, since crack tip stresses 
are directly related to and better results are expected. The 
case of cracks at an angle a with respect to the fiber direction was not 
studied by Wu. 
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APPENDIX 2 
Computer program No. 1, generating nodes of a new half mesh with 
different — ratio from the old mesh. 
w 
R E A D  ( 5 . 3 )  N C h , C C h  
3  F O H M A T C  I 5 , F 5 . 3 )  
1 0  R Ê A Û ( S . I . E N 0 = 9 9 ) N , Y . Z . K K  
I  F O M M A K  I  1 5 , 4 0 X , 2 F  I Û . 3 . 1  1 5 )  
I F ( N - E Q e O )  G U  T O  1 1  
Y = Y + C C H  
W H :  T E ( 6 , 1 ) N , Y , Z , K K  
W R I T E  (  7 . I ) N , Y , Z . K K  
G O  T O  1 0  
1 1  R E A 0 ( 5 . 1 . E N D = 9 9 ) N , Y » Z . K K  
I F ( N . E Q . O )  G O  T O  1 2  
N = N + N C H  
W R l T E ( 6 t  1 ) N  .  Y  . Z , K K  
W R I T E  ( 7 , n N . Y . Z , K K  
GO TO n 
1 2  N C H = N C H + ( C C H * 1 0 )  
G O  T O  I I  
9 9  C O N T I N U E  
S T O P  
E N D  
Computer program No. 2, generating elements of a new half mesh with 
different — ratio from the old mesh. 
w 
D I M E N S I O N  N 0 E < 4 )  
R E A D  ( 5 , 3 )  N C h . i E C H i C C H  
3  F 0 R M A T ( 2 I 5 . F 5 . 3 )  
K = 4  
9 7  R E A D ( 5 . 2 , E N 0 = 9 a )  N , ( N Ù E ( I ) . I - 1 . 4  ) , L ; N S , N K , T  
2  F 0 R M A T ( 6 I 5 ,  2 0 X . 2 I 5  . F I O . J )  
I F ( N . E Q . O )  G O  T O  3 0  
N = N + I E C H  
M = N U E  (  1  )  
D O  1 0 0  1 = 2 , 4  
I F ( M . L T . N O E ( I ) )  G O  T U  1 0 0  
« = N U Ë  (  I  )
1 0 0  C O N T I N U E  
D O  2 0  0  1  =  1 , 4  
Î . F (  ( N a h (  I  ) - M )  . G T .  1 0 )  G O  T O  2 0  1  
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N O t  (  I  > - N U L i  (  I  >  + W C H  
G O  T O  P O O  
2 0 1  N O K ( I > = N O L ( 1 ) + ( K f N C H )  
2 0 0  C O N T I N U E  
W K I T t  ( 7 , 2 ) N . N 0 F( n  ,  N J F . ( < 2 > s  N J [ £ ( 3 ) ,  N U t  (  4  )  .  L  .  N b  t  N K  .  T  
W R I  T E  ( 6 t  . N O c  (  I  )  ,  N U E ( 2 ) ,  N u C ( 3 ) ,  N 0 E ( 4 ) , L , N S , N K , r  
G O  T U  9 7  
3 0  N C H - N C H ^ K  
I  £ C H =  l E C H f r K  
W R I T E ( 6 , J )  N C H . I E C H . C C H  
G O  T O  9 7  
9 8  C O N T I N U E  
S T O P  
E N O  
Computer program No. 3, generating nodes of a full mesh from the nodes 
of a half mesh. 
R E A D  ( 5 , 3 1  N . N »  r ^ E  
N N I = N N + 1  
f < E A O  ( 5 . 4 J N F H  
3  F O R M A T *  2 1 5 )  
4  F 0 R M A T { I I 5 >  
N B = 0  
N l = N F R  
1 0  R E A D ( 5 . l , E N D = 9 9 ) N , Y , Z , K K  
I  F O R M A T (  I  I 5 . 4 0 X , 2 F l 0 . 3 î U 5 )  
Ï F Î N B s E Q c O »  G O  T O  2 0  
I F ( N * G T c N n  G O  T O  3 0  
2 0  N T = N N 1 - N  
NTa= N T + N d  
N B = N N l - ( N + N F K  )  
W R I T E ( 6 , 5 )  N T B  
5  F O R M A T d l S )  
3 0  N 1 = N  
N = N + N T B  
z=-z 
W R 1 T E ( 6 . 1 ) N , Y , Z , K K  
W R I T E  ( 7 i U N . Y , Z » K ( <  
G O  T O  1 0  
9 9  C O N T I N U E  
S T O P  
E N O  
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Computer program No. 4, generating elements of a full mesh from the 
elements of a half mesh. 
D I M E N S I O N  N T b l M { 2 5 ) .  N U E ( 4 j  
R E A D  ( * 0 9  3 )  N N b  N C  
3  F O R M A T (  2 1 5 )  
N T i l N l  1  )  =  0  
R E A D  ( b ,  6 )  t  N T B N  (  I  )  t  1 = ^ , 2 5 )  
6  F O R M A T  ( 2 0 1 4 )  
N E l = N E + l  
N 8 = 0  
N l  =  N E  I  
K=0 
9 7  R E A O ( 5 , 2 » E N n = 9 a )  N , ( N U E ( I ) , I = 1 « 4  ) , L « N S , N K , T  
2  F 0 R M A T ( 6 I 5 ,  2 0 X , 2 I b  , F 1 0 . 3 )  
I F ( N . G T . N l ) G 0  T O  3 0  
N T = N E  1 - N  
N T B = N T + N U  
N 0 = N E  1 - N  
W R I T E  ( 6 , 5 )  N T E  
5  F 0 R M A T ( I I 5 )  
K=K + i 
3 0  N 1 = N  
N = N + N T H  
M = N 0 E ( 1 )  
0 0  1 0 0  1 = 2 , 4  
I F t M . L T . N O L d  ) )  G O  T O  1 0 0  
M = N O e (  I  )
1 0 0  C O N T I N U E  
D O  2 0  0  1 = 1 , 4  
I F & S N û E î ! ) - % ) . G T . i O i  G O  T O  2 0 1  
N O E ( I  ) - N O E (  I ) +  N T S N ( K  +  1 »  
G O  T O  2 0 0  
2 0 1  N O E ( I j = N O E ( l ) + N T 8 N ( K )  
2 0 0  C O N T I N U E  
W R I T £ ( 6 , 2 ) N , N 0 E ( 4 ) ,  N U E ( 3 ) ,  N 0 F { 2 ) ,  N U E ( 1 )  , L . N S , N K , T  
w R â T E i 7 . 2 i N , N O E C 4 j ,  N Q E i 3 ) »  N U E ( 2 ) p  N 0 E ( 1 ) , L , N 5 , N K , T  
G O  1 0  9 7  
9 8  C O N T I N U E  
S T O P  
E N D  
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Computer program No. 5, plotting crack tip stress distributions and 
crack tip stress intensity factors. 
R t A L  D A T  A X  (  t  9  )  , 0 4  r A Y (  l y )  ,  S T R t b {  1 2 0 0 »  ,  X I . (  b J »  
R E A D ( 5 , / O U ) Y L , X L  
7 0 0  F U R M A T ( 5 A 4 , b A 4 )  
W E A a ( 5 , 7 1 0 )  N E l  , N E 2  
7 1 0  F U R M A T ! 2 1 5 )  
R E A D ( 5 , 7 A 0 )  N U M N P ,  N U M E L  
R E A D  ( I  0 , 7 6  0 )  (  l O U M M Y ,  ï  =  l  
7 6 0  F U R M A T ( 3 ( 1 4 , 2 2 X ) )  
R E A D  ( 1 0 , 7 5 0 ) ( I D U M W Y , 1 = 1 , N U M E L )  
7 5 0  F O R M A T ( 4 ( Ï 4 , 1 6 X j »  
R E A D  (  1 0 . 7 6 0 )  ( l U U M M Y , 1  =  1  , N U M N P )  
R E A D  ( 1 0 , 7 2 0 )  ( S T R E S t  I ) , 1 = 2 1 0 , 7 0 0 )  
7 2 0  F 0 R M A T ( l 0 X , E 1 2 . 4 , 2 a X , E 1 2 . 4 )  
D O  7 3  0  1  =  1 ,  1 9  
O A Î A Y ( Î ) = S T H E S ( N E 2 + I ) - ( S T W E 5 ( N E 2 + l ) - S T K c 5 ( N E l  + 1 ) ) / 2  
7 3 0  D A T A X ( I )  =  . 0 0 5  +  . 0 1  « 1  
C A L L  G R A P H ! 1 9 ,  O A T A X ,  J A I A Y ,  3 , 1 1 , 5 . 0 , 7 . 0 , 0 . 0 , 0 . 0 , 0 . 0 ,  
C O . O ,  X L e Y L , • A / w = 0 . 5 ; »  , « F i n C R  D I R E C T I O N  = 3 0 ; ' )  
D O  7 4  0  1  =  1 , 1 9  
D A T A Y ( I ) = O A T A Y (  I ) * S 0 W T ( b . 2 d t D A T A X (  I )  ) * 0 . 0 1 4  1 4 2  
7 4 0  O A T A X ( I ) = D A T A X ( I J / 2  
R E A D ( 5 , 7 0 0 )  Y L . X L  
C A L L  G R A P H * 1 9 ,  O A T A X ,  O A T A Y »  3 , 7  , 5 . 0 , 7 . 0 , 0 . 0 , 0 . 0 , 0 . 0 ,  
C O . O ,  X L , Y L . « A / W ^ O . S ; » . ' F I B E R  D I R E C T I O N  = 3 0 ; « )  
S T O P  
E N D  
Computer program No. 6, plotting enlarged crack tip displacements. 
D I M E N S I O N  l E ( e ) , I X ( 8 )  
R E A L  D A T A X ( 2 0  )  , D A T A Y (  2 0 1  Î  S T t ! E S ( l 2 0 0 J  , X L ( 5 )  , Y L ( 5 )  
I N T E G E R  D I  ( 6 )  
D I M E N S I O N  D l ( 1 2 0 0 ) , 0 2 ( 1 2 0 0 )  , M P A S ( 1 4 )  
D I M E N S I O N  T I T L E ( 2 0 ) , X ( 1 2 0 0 ) , Y ( 1 2 0 0 ) , I D ( 6 ) , Z ( 1 2 0 0 )  
D I M E N S I O N  X T I T L E (  2 0 ) , Y T I T L t ( 2 0  I , Y N ( 1 1 ) , Z N ( 1 1 )  , N W £ L ( 1 4 )  
R E A L * 4  D A T E { 7  )  , P A R M ( 1 0 )  
N E X T  T W O  I N S T R . A R E  F U R  T H L  P L J T  R O U T I N E S  
H E A D  ( 5 , 1 0 1 0 )  X T I T L E  
R E A D  ( 5 , 1 0 1 0 )  Y T I T L E  
1 0 1 0  F O R M A T  ( 2 0 A 4 )  
H E A D  (  5 s  1  0 0 0 )  Y S I Z E  , Z S Ï Z T  , I N 1 - » R M ,  R P R M . P P R M ,  Y M I  N ,  Y M A X  ,  Z M I N  
C . Z M A X  
76 
1 0 0 0  F O R M A T  ( 2 M U . O « j l 5 , 4 F l U . O )  
R E A D  A N J  P L O T  T I T L E  A N D  D A  I  A  P A ' I A M E T h K . i  
K E A D ( 5 » 1 0 0 »  N U M N P . N C L G P . N M L L  
1 0 0  F 0 R M A T ( 1 6 I D )  
N U M E L = N M E L ( I )  
R E A O ( 5 . 7 0 0 )  X L » Y L  
7 0 0  F 0 R M A T ( 5 A 4 , 5 A 4 )  
R E A D { 5 . 7 1 0 )  N £ l  , N E 2  
7 1 0  F 0 R M A T ( 2 I b )  
R E A D  ( 1 0 , 7 6 0 ) ( I D U M M Y , 1 = 1 , N U M N P )  
7 6 0  F 0 R M A T {  3 ( I  4  , 2 ? X ) )  
R E A D  ( 1 0 , 7 5 0 ) ( I D U M M Y , 1 = 1 , N U M E L )  
7 5 0  F U R M A T ( 4 ( 1 4 , I 6 X ) )  
R E A D  ( 1 0 , 5 1 0 )  ( 0 1( n , U 2( l ) ,  I ^ U N U M N P )  
5 1 0  F Q R M A T ( 4 X  , 2 c l l . 4  , 4 X  , 2 d  1  1 . 4  , 4 X  , 2 2 1 1 . 4  )  
H E A D  ( 1 0 . 7 2 0 )  ( S T H E S ( I ) . I = 2 7 9 , 7 0 0 )  
7 2 0  F O R M A T ! I 6 X , F  I  2 . 4 , 2 6 X , E l  2 . 4 )  
D O  7 3  0  1  =  1 ,  2 0  
O A T A Y (  I ) = S T R E S ( N E 2 + l  ) + ( S T U E S { N E H - I  ) - 5 T R l S ( N E 2  + 1 )  » / 2  
7 3 0  D A T A X ( I ) = . 0 0 5 + . 0 1 * I  
C A L L  G R A P H ( 2 0 ,  Û A T A X ,  D A T A Y ,  J , 1 1 , 6 ,  8 ,  0 . 0 . 0 . 0 , 0 . 0 ,  
C O . O , X L , Y L ,  •  A / W = 0 . 5 *  « • A N G L £ = 4  5 »  »  
D O  7 4  0  1  =  1 ,  2 0  
D A T  A X  (  I )  = D A T A X  (  I  ) / 2  
7 4 0  D A T A Y ( I ) = 0 A T A Y ( I ) # ( 6 . 2 a * D A T A X ( I ) ) • * 2 * 0 . 0 1 4 1 4 2  
R E A O ( 5 , 7 0 0 )  X L . Y L  
C O . O , % r , Y L ,  ' A / W = 0 . 5 '  A N G L E = 4 5 »  )  
C A L L  G R A P H ( 2 U ,  D A T A X ,  D A T A Y ,  j , l l , 6 ,  b ,  0 . 0 , 0 , 0 , 0 . 0 ,  
R E A D  N O D A L  D A T A  A N D  G E N E R A T E  N O D A L  D A T A  I F  N E C E S S A R Y  
NOLO=0 
1 0  R E A D  ( 5 , 1 0 0 1 )  N , î I D { I ) , 1 = 1 , 6 ) , X ( N ) s Y C N ) Î Z I N ) s K N s T  
1 0 0 1  F O R M A T  ( 7 1 5 , 3 F 1 0 . 0 , 1 5 , F  1 0 . 0 )  
i F Î N O L D . E Q . û )  G O  T u  S O  
C H E C K  I F  G E N E R A T I O N  I S  R E Q U I R E D  
I F ( K N . E Q . O )  K i s = î  
N U M = ( N - N O L D ) / K N  
N U M N = N U M - 1  
I F ( N U M N . L T . 1 )  G O  T O  5 0  
X N U M = N U M  
D X = ( X ( N ) - X ( N Q L D ) ) / X N U M  
D Y = ( Y { N S - V ( N O L O } Î / X N U M  
D Z = ( Z ( N ) - Z ( N O L D ) ) / X N U M  
K = N O L D  
D O  3 0  J = 1 , N U M N  
K K = K  
K = K + K N  
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X ( K ) = X ( k K ) + D %  
Z ( K ) = Z ( < < ) + D Z  
3 0  C O N T I N U E  
5 0  N { J L D = N  
N K = K N  
I F ( N K . L T . l )  N K = L  
T T = T  
0 0  4 0  1 = 1 . 6  
4 0  D U  I  )  = I 0 (  I  )
I F ( N . N C . N U M N P )  G O  T O  1 0  
I F (  R P W M . t L U .  0 )  G U  T O  5 3  
D O  5 1  1 = 1 . N U M N P  
K { I ) = 1 . 0  
» F (  Y (  D . L T . Y M I N )  G O  T O  5 1  
I F ( Y (  n . G T . Y M A X )  G O  T O  5 1  
I F ( Z (  D . L T . Z M I N )  G O  T O  5 1  
I F < Z {  n . G T . Z M A X )  G U  T O  S I  
X ( I ) = 0 . 0  
5 1  C O N T Ï N U L  
G O  T O  5 5  
5 3  D O  5 4  1 = 1 . N U M N P  
5 4  X ( I ) = 0 a 0  
P L O T  N O D E S  A N D  N O D E  N U M B E R S  
5 5  0 0  5 0 0  1 = 1 , N U M N P  
Y d  ) = Y (  î  » + a i  (  N U M N P  +  1 - I ) * I 0 0  
5 0 0  Z < I ) = Z ( I ) + 0 2 ( N U M N P f l - : ) * 1 0 0  
C A L L  L A B E L  ( U A T F . P A R M . L P A H M )  
C A L L  S K A I L  î Y , Y  S I Z Û . N U M N P . X )  
C A L L  S K A I L  { Z . Z S I Z £ , N U M N P . X )  
W H I T E  ( 6 , 2 0 0 0 )  
2 0 0 0  F O R M A T  { « T H E  S C A L E  R O U T I N E  H A S  B E E N  C A L L b D ' )  
N U M N P 2 = N U M N P + 2  
C A L L  A X I S  { . 0 , . 0 , X Î Î Î L L .  6 , Z b I Z E , 9 0 , 0 , Z î N U M N P + i ) ,  
C Z ( N U M N P f 2 } i  
C A L L  A X I S  ( . 0 , . 0 , V T i T L E t - 6 . y S i Z £ ,  0 . . Y { N U M N P + I ) ,  
C Y ( N U M N P + 2 ) >  
W R I T E  ( 6 , 2 1 0 0 )  
2 1 0 0  F O R M A T  ( •  A X I S  H A S  B E E N  C A L L E D '  )  
I F ( P P K M . E Q . 0 )  G O  T O  5 6  
I F ( R P R M . N E . O )  G O  T O  5 6  
C A L L  L I N E  ( Y , Z . N U M N P ,  1 , - l  , 3 )  
5 Ô  C Û N T I N U E  
I F (  N P H M o E Q o  0 )  G C j  T O  5 9  
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N U M B E R  T H f c .  M O D t S  
• O  8 0  N = l , N U d N P  
I F ( X ( N ) . N E . Û )  G O  T O  3 0  
F P N = N  
H T = . 0  7 5  
Y I  =  ( y  ( N ) - Y ( N J W N P +  i  n/ Y (  N U M N P 4 2  )  i - , 0 9  
Z I = ( Z ( N ) - Z ( N U M N P f 1 ) ) / Z ( N U M N P + 2 ) + . 0  9  
C A L L  N U M B E n i  (  Z  I  •  Y  I  .  H T  ,  F P N  t  0  .  ,  -  1  >  
8 0  C O N T I N U E  
W R I T E  ( 6 , 2 1 1 0 )  
2 1 1 0  F O R M A T  (  ' N U ^ E E K  H A S  U L L N  C A L L E D '  )  
5 9  C O N T I N U E  
R t A L )  E L E M E N T  D A T A  
N I = 0  
1 2 9  N I  =  N I + 1  
N U M E L  = N M E L ( N i  j  
N = 0  
1 3 0  R E A 0 ( 5 « 2 1 3 J )  M  ,  { I  t  (  I  )  ,  I  =  1  .  5  )  ,  R l i F T  ,  P R E  S  S  .  N  3  .  K G .  T  H I  C K  
I F ( K G . E Q . O )  K G = 1  
2 1 3 0  F O R M A T ( 6 1 5 , 2 F 1 0 . 0 , 2 I 5 » F  I  0 . 0 )  
1 4 0  N = N + 1  
I F ( M - N )  1 3 0 . 1 4 5 , 1 4 1  
1 4 1  0 0  1 4 2 1 = 1 , 4  
1 4 2  I X { I ) = I X { I ) + K G  
G O  T O  1 4 9  
1 7 0  I F ( M . G T . N )  G O  T O  1 4 0  
I F (  N U M E L . G T  . N  )  G O  T O  1 3 0  
G O  T O  1 6 0  
1 4 5  D O  1 4 8  1 = 1 , 4  
1 4 8  I X (  n  =  I E (  I  )  
1 4 3  M P = i X Î Î Î  
M 0 = Ï X ( 2 )  
M R = & X  ( 3 )  
M S = I X ( 4 )  
I F (  X (  M P )  a N E  .  0 a  0  )  G O  T O  1 r o  
I F (  X (  M Q )  . N E  . 0  •  0 )  G O  T O  1 7 0  
I F * X ( M P )  « N E  . 0  c O )  G O  T O  1 7 0  
I F (  X (  M S )  « N E  . 0  . 0 )  G O  T O  I  ? 0  
Y N ( 1 ) = Y ( M P )  
V N i  2 # - T C  M Q ;  
Y N ( 3 ) = Y ( M R )  
Y N ( 4 ) = Y ( M S )  
Z N ( 1 ) = Z ( M P )  
Z N ( 2 i = Z ( M Û )  
Z N (  3 )  = Z (  M R )  
Z N C  4 ) = Z ( M S Î  
Y N ( 5 ) = Y N ( 1 )  
2 N ( 5 ) = Z N ( 1 )  
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Y N ( 6 ) = Y ( N U M N k + I )  
Y N ( 7 } = Y ( N U M N P + ? )  
Z N (  6 )  = Z (  N U M N 1 - 1  +  1  )  
Z N (  7 )  = Z . (  N U M N P + P  )  
C A L L  L I N E  ( Y N . Z N , 3 , 1 , 0 , 1 )  
G O  T U  1 7 0  
1 6 0  C O N T I N U E  
Î F ( N I . L T . N E L G P )  G O  T O  1 2 9  
C A L L  E N D P L T  
S T O P  
END 
S U B R O U T I N E  S K A I L (  Y ,  Y S  I  Z C  ,  N U M N P  , X J  
D I M E N S I O N  Y ( 1 0 0 0 ) . X ( l U O O )  
0 0  2 0  1 = 1 . N U M N P  
I F (  X (  n . N E . O )  G O  T O  2 0  
Y M I N = Y (  I  )  
Y M A X =  Y d  )  
0 0  1 0  J = I , N U M N P  
I F ( X ( J ) . N £ . 0 )  G O  T O  i O  
Î F ( Y (  J ) . L T . Y M  I N )  Y M I N = Y i J )  
I F  ( Y ( J ) . G T o Y W A X )  Y M A X = Y ( J )  
1 0  C O N T I N U E  
G O  T O  3 0  
2 0  C O N T I N U E  
W R I T E ( 6 « 2 0 0 0 i  
2 0 0 0  F O R M A K ' E R R O R  I N  T H E  S K A I L  S U B . • P R O G R A M  T E R M I N A T E D *  
S T O P  
3 0  Y ( N U M N P + 1 ) = Y M 1 N  
Y f N U M N P + 2 ) = ( Y M A X - Y M I N ) / Y S I Z E  
W R I T E  < 6 , 2 0 0 1 )  Y M I N , Y M A X , Y ( N U M N P  +  2 )  
2 0 0 1  F O R M A T ( » M I N = *  , F l 0 . 5 , b X . « M A X ' , F l 0 . 5 , S i X , ' S C A L E  F A C T O R  
X  F î O « 5 )  
R E T U R N  
END 
